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Abstract

Coordinating multiple large language model (LLM) agents is com-
monly framed as multi-agent reinforcement learning, which as-
sumes a verifiable team reward and requires costly online rollouts.
These assumptions exclude many open-ended collaborative set-
tings where humans can compare team outputs but cannot supply
a reliable scalar reward. We propose Multi-Agent Direct Prefer-
ence Optimization (MADPO), a direct preference-learning objective
for cooperative LLM teams. MADPO sums per-agent policy log-
ratios into a joint implicit reward and optimizes all agents with
one Bradley-Terry sigmoid over the team margin, avoiding online
rollouts, engineered rewards, and intermediate reward models. We
show that this loss is exactly DPO applied to the factored joint pol-
icy, that its gradient gives every agent the same team-level weight,
and that it reduces to independent per-agent DPO when prefer-
ences decouple across agents. Experiments on multi-dimensional
evaluation and web shopping show that MADPO improves over in-
dependent DPO when agent decisions are sequentially coupled and
remains comparable when agents act independently. A subgroup
analysis further shows that joint optimization is most reliable when
local preference signals agree with the overall team preference.
Reward-model-based RL trained on the same preference data fails
to match direct optimization at several times the cost.
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1 Introduction

LLM-based multi-agent systems tackle complex tasks by assigning
complementary roles to specialized agents, such as a search agent
that gathers relevant information and a decision-making agent
that acts on it. In such systems, team performance depends not
only on the quality of each agent’s output, but also on how well
their outputs fit together. A query may be reasonable in isolation
yet retrieve information that the downstream agent cannot use;
conversely, a downstream decision may be locally sensible but fail
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because the necessary evidence was never retrieved. These failures
highlight a central challenge in cooperative LLM systems: individu-
ally plausible behavior does not necessarily yield an effective joint
solution.

Multi-agent reinforcement learning (MARL) provides a natural
framework for addressing this challenge. By assigning a shared
reward to the team, MARL methods can optimize agents toward a
common objective rather than treating each agent independently
[16, 34]. This approach is effective when the environment supplies
a verifiable reward, such as unit-test success or a simulator score.
However, many open-ended collaborative tasks do not admit a
reliable scalar reward, even when humans can compare the quality
of two candidate solutions. Moreover, MARL requires repeated
online interaction with the environment, making training expensive
for LLM agents.

A common alternative is to learn a reward model from pref-
erence data and then optimize the agents against the learned re-
ward [21, 29]. Although this approach replaces manually designed
rewards with human supervision, it retains a two-stage training
pipeline: the reward model must first approximate the underlying
preferences, after which the policies are optimized against this
learned proxy. Errors in the reward model can therefore be am-
plified during policy optimization, particularly when the policies
generate outputs outside the reward model’s training distribution.
In our experiments, reward models that accurately classify held-out
preference pairs can still be exploited during reinforcement learn-
ing: their predicted rewards continue to increase while actual task
performance remains nearly unchanged (Figure 2).

In many collaborative tasks, preferences over joint team out-
puts are available even when reliable scalar rewards or agent-level
supervision are not. For example, a user may be able to compare
two complete team solutions or prefer an expert demonstration
over a sampled alternative without determining which individual
agent caused the difference. This setting motivates the central ques-
tion of this paper: Can cooperative LLM agents be optimized directly
from offline preferences over joint outputs, without learning an ex-
plicit reward model, interacting with the environment, or assigning
preferences to individual agents?

We introduce MADPO (Multi-Agent Direct Preference Optimiza-
tion), an offline preference-optimization framework for cooperative
LLM agents. MADPO applies Direct Preference Optimization (DPO)
[23] to the factored joint policy of an agent team. For each pre-
ferred and dispreferred pair of joint outputs, it computes a policy
log-ratio margin for every agent, aggregates these margins into
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a single team-level margin, and optimizes all agents through one
Bradley—-Terry objective. MADPO therefore learns directly from
team-level preferences, eliminating both the intermediate reward
model and online policy rollouts.

Although the resulting objective is a simple extension of DPO,
its optimization behavior differs fundamentally from applying DPO
to each agent independently. Because the per-agent margins are
combined before the Bradley-Terry sigmoid, the gradient received
by every agent is scaled by the same team-level weight. Conse-
quently, an agent’s update depends on the preference margin of
the entire team rather than only on its own local margin. This pro-
vides an offline preference-learning analogue of the shared team
advantage used in cooperative policy-gradient methods. We addi-
tionally introduce an interpolation parameter « that connects pure
joint optimization to independent per-agent DPO within a single
objective.

The benefit of this shared signal depends on both the interaction
structure and the compatibility of the agents’ preference signals.
When one agent’s output changes the observations or decisions of
another, independently optimizing the agents can reinforce locally
reasonable but mutually incompatible behavior. In this coupled
setting, the joint margin incorporates information from the com-
plete team output that is absent from each local margin. In contrast,
when the policies and preferences decompose across agents, we
show that joint and independent DPO share the same population
optimum. This equivalence additionally requires local preferences
to be compatible with the team objective: when local and global
preference labels conflict, a summed joint margin alone need not
resolve the disagreement. These conditions establish the boundary
studied in our experiments.

We make the following contributions:

¢ Joint preference optimization for cooperative agents.
We formulate MADPO, which optimizes a factored team
of LLM policies directly from preferences over joint out-
puts, without requiring an explicit reward model, engineered
scalar rewards, or online environment interaction. The frame-
work includes an a-interpolated objective that recovers in-
dependent per-agent DPO as a special case.

e Analysis of the joint learning signal. Building on the
standard DPO optimality result for the factored joint policy
(Lemma 1), we show that the gradient of MADPO supplies
all agents with a shared team-level weight (Eq. 6). We further
establish the population-level relationship between direct
preference optimization and reward-model-based reinforce-
ment learning (Prop. 1) and characterize a decoupling condi-
tion under which joint training reduces to independent DPO
(Prop. 2).

e Evaluation across interaction and preference struc-
tures. We evaluate MADPO on multi-dimensional prefer-
ence judging and web shopping, covering both structurally
independent and sequentially coupled agent systems. Un-
der matched data and model capacity, MADPO consistently
outperforms independent DPO in the coupled setting while
preserving aggregate performance when agents act inde-
pendently. A consistent—conflict analysis further isolates
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preference compatibility as a second factor governing the
benefit of joint optimization.

e Comparison with alternative coordination pipelines.
We compare MADPO with independent and joint MARL,

reward-model-based reinforcement learning, parameter-sharing

variants, and inference-time communication. The results
show that direct joint optimization avoids the reward-model
exploitation observed in the two-stage pipeline and achieves
its coordination gains without additional online rollouts.

2 Related Work

Prompt-level collaboration. Multi-agent behavior can be elicited
without training: sequential pipelines pass one agent’s output into
the next agent’s prompt, and discussion methods iterate rounds of
mutual critique [4, 9]. These methods can improve coordination,
but they do so at inference time, adding rounds, tokens, and latency
that grow with team size. We include sequential and discussion
baselines to separate inference-time communication from training-
time coordination, and show that MADPO internalizes coordination
during training, avoiding the additional discussion rounds, tokens,
and latency required by inference-time communication.

MARL for LLM agents. MAGRPO [16] trains collaborating LLM
agents with group-relative policy optimization under a shared team
reward, following the centralized-training paradigm of cooperative
MARL [20, 34]. These methods define the relevant RL ceiling in our
experiments when an oracle reward exists. Their limitation is that
they require thousands of environment interactions and do not ap-
ply when no verifiable reward is available. MADPO transfers their
central coordination mechanism—a shared team advantage—to the
offline preference setting (Eq. 6). Related online recipes still require
a computable reward at training time: decentralized actor-critic
variants of MAGRPO [15], verifier-scored multi-turn co-training
[22], sequential pioneer—observer coevolution [18], reward-curated
SFT/DPO hybrids for multi-agent communication [1], and the gen-
eral multi-agent reinforcement fine-tuning framework MARFT [14];
MADPO needs none.

Direct preference optimization. DPO [23] removes the reward
model (RM) and RL loop from preference learning for a single
policy; SimPO [19] and CPL [8] refine the objective, DMPO [27]
extends it to multi-turn single-agent trajectories with a discounted
step weighting, SDPO [11] instead selects key dialogue segments
to optimize, and ETO [28] contrasts successful against failed explo-
ration trajectories. These methods optimize one policy. MADPO
extends direct preference optimization along an orthogonal axis:
multiple policies whose updates are coupled through one team
margin.

Multi-agent preference optimization. Mars-PO [17] and Flow-
DPO [3] combine multiple agents with preference optimization,
but pursue different goals: Mars-PO trains an ensemble of homoge-
neous solvers on one shared task, whereas Flow-DPO uses multi-
component collaboration to produce reasoning data for a down-
stream model; neither coordinates heterogeneous roles toward one
joint output. SysDPO [30] formulates a compound Al system as
a directed acyclic graph and derives a system-level DPO objec-
tive by summing component-wise policy log-ratios within a single
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Bradley-Terry loss. The pure joint objective in MADPO has the
same mathematical form when specialized to a factored team of
cooperative LLM agents. Our focus, however, is on the multi-agent
learning properties of this objective. We analyze how the joint
margin induces a shared team-level gradient signal, characterize
when joint optimization reduces to independent per-agent DPO,
and compare it empirically with independent preference optimiza-
tion, MARL, and reward-model-based RL under matched data and
training budgets. We also introduce an a-interpolated objective
that connects joint and independent optimization within a single
framework. AMADPO [12] studies offline multi-agent preference-
based RL on SMAC. Despite the name, AMADPO is two-stage: it
first trains a multi-agent preference predictor—requiring per-agent
local labels beyond global ones—and then optimizes the policy un-
der importance weights derived from the predictor, reintroducing
the model-error channel that direct methods avoid (the authors’
own analysis documents a large gap between predicted and true
rewards). MADPO instead applies a single joint-margin loss di-
rectly to preferences over joint outputs, without fitting a preference
predictor. The global-local inconsistency studied by AMADPO
concerns consistency between learned global and agent-level pref-
erence signals. Our UltraFeedback subgroup analysis examines a
different source of disagreement: conflicts already present between
observed dimension-level ratings and the overall preference label.

Reward hacking and two-stage pipelines. Optimizing against learned
reward models is known to over-optimize proxy scores [6], and
reward models that fit the preference data well can still general-
ize poorly off-distribution [24]; more broadly, whether two-stage
RLHF or direct optimization performs better is governed by which
model class is mis-specified [26]. MADPO adds an instance of this
phenomenon: with the same preference pairs, direct optimization
succeeds where the reward-model pipeline is hacked.

3 Problem Formulation

We model LLM collaboration as a fully cooperative decentralized
partially observable Markov decision process (Dec-POMDP) [20],
adopting the LLM Dec-POMDP formulation of Liu et al. [16]: a
tuple (7, S,{0;}, {A;},R, T,H), where I ={1,..., N} indexes pre-
trained LLM agents; a state s € S holds the task context x and all
text produced so far (our tasks involve no separate user state); a
local observation o; € O; is agent i’s role-specific prompt, a partial
view of s; an action y; € A; is a natural-language response; T ap-
pends the joint action to the state (and, where applicable, executes
it against external systems), embedding earlier outputs into subse-
quent prompts; and H is a short episode horizon. All agents share
one team reward R—which, departing from the reward-supervised
setting of Liu et al. [16], is in our setting never observed.

Two interaction structures instantiate this model. In the single-
turn case (H=1; e.g., multi-dimensional judging), all agents act
simultaneously on observations derived from the initial state. In
the multi-turn case (H=2), as in WebShop, an earlier agent changes
the state before a later agent observes it; for example, the click
agent sees the result page induced by the search agent’s query.
Agents are therefore coupled through the transition while execution
remains decentralized, since each agent conditions only on its own
observation. The joint policy factors as
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Figure 1: The MADPO objective. Per-agent margins m; feed
two branches: the joint branch (solid) sums them before one
Bradley-Terry sigmoid, broadcasting the same team-level
gradient weight to every agent, while the independent branch
(gray) applies a per-agent sigmoid, weighting each agent by
its own margin. The mixing weight o interpolates between
them; =1 (pure joint) is our method and =0 recovers inde-
pendent per-agent DPO.

N
mo(y | %) = [ | 70, (yi | 00), (1)
i=1

where 0; may depend on teammates’ earlier outputs in the multi-
turn case (the product then denotes the corresponding chain-rule
factorization).

Because R is unobserved, we assume access only to preferences
over joint outputs, D = {(x,y%,y})} with y*¥ > y/—the multi-
agent analog of preference-based RL. The target team objective is
KL-regularized return maximization,

max Byry [r(x,y)] = fDkLL7o | mref] @

with factored reference mef(y | x) = [1; myer,i(yi | 0i). For a
single policy, DPO [23] shows the optimum of Eq. 2 satisfies 7*(y |
x) o< mer(y | x) exp(r(x,y)/p), so the Bradley-Terry likelihood
can be expressed purely in policy log-ratios. The question is what
this substitution becomes for a factored team policy: given only
preferences over joint outputs, what loss should update each agent?

4 MADPO

4.1 Joint-Margin Preference Optimization

For a factored team policy, the DPO log-ratio of the joint output
decomposes as a sum of per-agent log-ratios. We therefore define
the joint implicit reward as

g, (yi | 0i)

”ref,i(yi | 0i) ’ ®

N
ro(x.y) = ) Blog
i=1

7g; (y;'10}") -5 o, (ytlo!)

Tret,i (Y;107") nref,i(yflof)'
The pure joint objective applies one Bradley-Terry sigmoid to the
sum of these margins. To expose the boundary with independent

and the per-agent margin m; = flog
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Algorithm 1 MADPO

Require: preference data © = {(x,y",y!)}; base model m; mixing
weight a; temperature f; learning rate n; epochs E
1: Initialize: for each agent i € {1,..., N}, policy 7y, < mo with train-
able adapter 0;; reference 7y ; < 7o (frozen)
2: for epoch =1to E do
3. for each (x,y",y!) € D do

4: build observations ol.w, of from x (and, in multi-turn tasks, team-
mates’ recorded outputs)

5: 7 —log mer; (Y} | 0)), €] «log ﬂref’i(yf | ol{) > all refs first,
no grad

6: fori=1to N do

7 mi — log g, ()" | o) — 5] - B log o, (4! | o}) — 7]

8: end for

9: L — —alogo(X;mj) - (1-a) ¥ ;logo(m;)

10: 0; —0; —nVg, L Vi > one backward; shared weight

o(— X jmj) reaches every agent
11:  end for
12: end for
13: return {mg, } Y,

training, we optimize a weighted combination of a joint team-level
objective and a component-wise auxiliary objective:

Lioint = —logo(X;mi), Ling = - X;loga(my), 4)
Lmappo = @ Ljoint + (1 — @) Ling. (5)

The joint term coordinates agents through the team margin, while
the independent term prevents an individual agent from losing its
learning signal when the team margin is already saturated.

Algorithm 1 gives the training procedure. Each offline pair re-
quires 2N reference forwards and N policy forwards, followed by
one backward step that sends the shared sigmoid weight to every
agent. There is no sampling from the current policy, no environment
interaction, and no reward model. In multi-adapter implementa-
tions, reference log-probabilities must be computed with adapters
disabled before any policy forward whose graph is retained for back-
propagation (line 5; Appendix C). The only cross-agent quantity is
the list of margins m;, so agents can be implemented as separate
models or as adapters on one shared base model.

4.2 Theoretical Properties

We build on one standard lemma and establish two properties spe-
cific to the multi-agent setting, with proofs given below.

LEmMA 1 (MADPO oPTIMALITY). Ljoint is the exact DPO objective
of the joint policy gy in the factored class (Eq. 1), so when the team
optimum is realizable its minimizer is the KL-regularized optimum

of Eq. 2, my(y | ) o meef (y | x) exp(r(x,y)/B).
Proof. For fixed x, the objective (2) over all distributions p(- | x)

equals AP || 7y et € /P |45 log Z(x) with Z(x) = Ty et (y |

x)e"®Y)/B 5o it is maximized at 1* « Tref "B (KL zero). In-
verting gives r(x,y) = ﬁlOg(ﬂ;/ﬂref) + flog Z(x); substituting
into the Bradley-Terry likelihood ofr(x,y") — r(x, yl)) cancels
the flog Z(x) terms, and factoring g, 7.ef through (1) turns the
log-ratio difference into }}; m;, so the negative log-likelihood of
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the data is exactly Ljoint. Finally, if r(x,y) = 2;ri(x,y;) then
erlB = IT; e"/B, so 7% factors into T 0 Tpef g e"/F and lies in
the factored class, where it is attained. ]

This is the standard single-policy DPO/RLHF equivalence [7, 23],
stated here for the factored joint policy and used as the basis for
the results that follow. The DPO derivation uses only the closed
form of the KL-regularized optimum and partition-function cancel-
lation under the Bradley-Terry substitution; neither step depends
on the policy’s internal structure, so the single-policy argument
transfers verbatim, with the joint log-ratio decomposing into );; m;.
SysDPO [30] derives the same loss and an exact preference-oracle
alignment under a uniform reference and a full-support assumption;
our statement instead retains an arbitrary frozen reference 7.,
the KL-regularized form standard in DPO practice. Realizability
requires the team reward to be representable in the factored class,
e.g., additive across agents.

Shared credit assignment. Differentiating the joint loss gives, for
each agent, a one-line identity

Vo, Lioint = — o (=2 mj) Vo, mi, (6)

so every agent receives the same scalar weight o(— X ; mj), set
by the team margin—the offline analog of a shared-advantage pol-
icy gradient—whereas L;,q weights agent i by its own o(—m;).
Elementary as it is, this identity is the single mechanism that sepa-
rates joint from independent training and the quantity our a-mix
interpolates (Eq. 5). It places MADPO in the lineage of counter-
factual and difference-reward credit assignment in cooperative
MARL [5, 31], and alongside concurrent credit assignment for multi-
agent LLM collaboration [13]—though ours falls directly out of
differentiating the DPO objective, with no credit-assignment mod-
ule to fit. The identity follows in one line: with u = 3 ; m; and
d%[—log o(u)] = =(1 - o(u)) = —o(—u), and since each m; de-
pends on 0 alone (Vg,u = Vy,m;), the chain rule gives (6); applying
the same computation term-wise to Liyq = 2 ; — log o(m;) yields
—o(—m;)Vg,m;—the same direction, weighted by the agent’s own
margin instead of the team’s.

Both gradients move agent i along Vg, m;, toward higher relative
likelihood of the chosen output; they differ only in the scalar multi-
plier. Under the joint loss, an agent whose own margin is already
large keeps receiving gradient while the tearn margin is unsatu-
rated, so it cannot opt out of team failures. Empirically this appears
as stability: independent training collapses in several seeded runs,
joint training does not (Sec. 6). Conversely, one agent alone can
saturate the team margin, letting the shared weight vanish for all
agents; this lazy-agent risk motivates the a-mix in Eq. 5.

PrROPOSITION 1 (RM PIPELINE SHARES MADPO’s OPTIMUM). As-
sume the conditions of Lemma 1: preferences follow a Bradley—Terry
model with reward additive across agents, r(x,y) = 2,; ri(x,y;), so
the optimum is realizable in the factored class (Eq. 1). Let 7 be the
population minimizer of the Bradley—Terry reward-modeling loss on
Jjoint outputs, and let # maximize the KL-regularized objective (Eq. 2)
with 7 in place of r. Then 7 coincides with the population minimizer
of Lioint- Thus, in the population and under these assumptions, the
pipeline has no better optimum to reach; any finite-sample gap is
driven by reward-model estimation error and by over-optimization
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against the fixed proxy [6], both of which direct optimization struc-
turally avoids (cf. Fig. 2).

Proof. The Bradley-Terry reward-modeling loss depends on 7 only
through pairwise differences 7(x,y") — 7#(x, yl), which are invari-
ant to 7 — 7+ c¢(x); and since —log o is strictly convex, the loss
is minimized iff those differences match r’s on all pairs, so the
minimizer set is exactly { r + c¢(x) } [7]. For any such 7 = r + ¢(x),
the KL-regularized optimum of Lemma 1 is 7 o¢ 7yef e(r+e()) /B =
e /By /B and the constant e¢(*)/F cancels on normalization,
so = 71';. By Lemma 1 71'; is also the minimizer of Ljoint, which
under additivity lies in the factored class where both routes attain
it. ]

The argument rests on two observations. Preference data deter-
mine the reward only up to a prompt-dependent offset, and the
KL-regularized optimum is invariant to precisely that offset, which
cancels in the normalizing constant. The RM stage therefore passes
no information to the RL stage beyond what the preference data
already determine, and both routes recover the same optimal pol-
icy. Because this reasoning concerns optimal policies rather than a
particular parameterization, Lemma 1 transfers it unchanged from
the single-policy setting [7, 23] to the factored team policy. The
realizability assumptions are not merely technical: when the reward
class does not contain the true reward, or the policy class does not
contain the optimal policy, the equivalence breaks down and either
route can strictly outperform the other, depending on which class is
mis-specified [26]; the proposition therefore states its conditions ex-
plicitly. One genuinely multi-agent distinction remains: after fitting
7, the pipeline must still decide how to distribute the team reward
across agents during RL—our joint and independent R baselines
instantiate the two natural choices—whereas MADPO embeds this
decision in the loss itself (Eq. 6).

PROPOSITION 2 (DECOUPLED TASKS). Suppose each agent’s prefer-
ence data are generated independently according to a Bradley—Terry
model with private reward ri(x, y;), and the joint preference pairs are
component-wise consistent: for every agent i, yl.W >i yf. Suppose fur-
ther that the team reward is additive, r(x,y) = >,; ri(x,y;). Then the
population minimizers of Ljoint and Linq coincide at the per-agent
optima ﬂ;‘ O TTyef i exp(ri/p).

Proof. L4 is asum of N single-policy DPO losses on disjoint param-
eter sets, each minimized at 7} oc /e ;€” ilB by single-policy DPO
consistency, so the sum is minimized at {x} }. Applying Lemma 1
with the additive reward, the team optimum factors into the same
7}, so both losses are minimized by [1; ;. [ ]

This proposition gives a data-level boundary for MADPO. When
agent-level preferences are generated independently, are component-
wise consistent, and correspond to an additive team reward, the
joint margin does not change the population optimum relative to
independent DPO. Finite-sample optimization may still produce
numerical differences, but the joint objective has no additional
coordination problem to solve.

The component-wise consistency condition is essential. Reward
additivity alone does not guarantee that every component of the
preferred joint output is locally preferred: a team-level comparison
may favor one joint output even when some of its components
are locally worse. When local and global preferences conflict, the
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UltraFeedback WebShop
Agents 4 (judges) 2 (search + click)
Interaction independent sequentially coupled
Local/global labels mixed aligned by construction
Base model Qwen3-4B Qwen3-4B
Pairs (train) 1067 972
Chosen source UF ratings human demos
Test set 187 pairs 100/300 goals
Metric accuracy reward, success
Oracle R* none env. reward

Table 1: The two evaluation domains. “Interaction” describes
whether one agent’s output affects another agent’s obser-
vation. “Local/global labels” describes whether agent-level
preferences agree with the team-level target. “Oracle R*” de-
notes the reward available to RL baselines; UltraFeedback
has no directly available scalar oracle reward.

joint and independent objectives need not share the same optimum,
and a summed margin provides no explicit mechanism for deciding
which local signal should dominate.

Our experiments expose both boundaries. WebShop introduces
sequential interaction dependence while keeping the demonstrated
trajectory component-wise dominant over the sampled alternative.
UltraFeedback removes interaction dependence between judges
while providing both component-wise consistent pairs and pairs in
which dimension-level ratings disagree with the overall preference.
The subgroup analysis in Sec. 6 therefore complements the popula-
tion result by revealing how preference compatibility shapes joint
optimization on held-out data.

4.3 Implementation

In our implementation, all agents share one frozen base model and
differ only in LoRA adapters [10]. The reference policy is the same
base model with adapters disabled, so no second model copy is
required. Two details are important in this multi-adapter setting.
First, reference log-probabilities must be computed before any policy
forward pass whose computation graph is kept for the backward
step. Second, per-agent immediate backward passes, using a first-
order exact surrogate for the joint coefficient, bound peak memory
by a single agent’s activation graph. Appendix C details both issues,
including a silent zero-gradient failure mode in a popular adapter
library.

5 Experimental Setup

We evaluate MADPO on two cooperative LLM-agent domains: pref-
erence judging and web shopping. Together they span single- and
multi-turn interaction, structurally independent and sequentially
coupled agent roles, aligned and conflicting local preference signals,
and settings with and without an oracle reward. Dataset construc-
tion and additional results are in the supplement.

Domains. Table 1 summarizes the domains.

o UltraFeedback [2]: dimension-specialist judges independently
score two candidate responses. Each judge is trained on pairs
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oriented according to its own dimension-level rating. The
team verdict aggregates the per-agent implicit rewards with
a logistic head, and accuracy is measured against the overall
human preference. The judges do not observe or condition
on one another, so the interaction structure is independent.
However, the dimension-level ratings do not always agree
with the overall label. We therefore divide the 187 test pairs
into 143 consistent examples, for which every dimension with
a strict rating difference prefers the overall winner, and 44
conflict examples, for which at least one dimension prefers
the overall loser.

e WebShop [33]: a search agent writes the query and a click
agent emits a full purchase plan over the titled result page;
chosen behavior comes from human demonstrations, re-
jected from base-model samples; the metric is the official
purchase reward. The two agents are tightly coupled: the
click decision depends on what the search returns.

Baselines. We compare against three baseline families.

o Inference-time: zero-shot single pass, naive concatenation,
sequential pipeline, and one-round discussion [16].

o Preference-trained: single-model DPO (one shared policy,
independent sigmoids); independent DPO (a=0); MADPO
(a=1). No public implementation of AMADPO is available,
precluding a direct empirical comparison. We exclude Sys-
DPO because it targets hierarchical DAG pipelines, unlike
our cooperative role-based setting. Moreover, with observed
intermediate outputs, SysDPO-Direct is equivalent to MADPO
with a=1.

e RL-trained: GRPO variants [25] with the oracle reward R*
where it exists (independent learners; MAGRPO-style joint
with shared group-relative advantage [16]), and the two-
stage pipeline R that fits a Bradley—Terry reward model on
the same preference pairs and runs GRPO against it.

All trained methods share the base model (Qwen3-4B; 32), per-
adapter LoRA rank (r=32), and data; joint and independent vari-
ants have identical total trainable parameters, while the single-
model variant deliberately shares one adapter across roles (Sec. 6).
The DPO temperature is set per domain (f=0.15 on UltraFeedback,
$=0.5 on WebShop, whose near-optimal demonstrations require a
stronger reference anchor) and applied uniformly to all DPO vari-
ants within a domain. All trained runs use three seeds on a single
NVIDIA A40 GPU; training costs are reported separately.

6 Results

Tables 2 and 3 report the main results. Two distinct factors govern
the value of joint optimization. Interaction dependence determines
whether the agents can benefit from a shared team-level training sig-
nal, while local-global preference consistency determines whether
their individual margins point toward a compatible team objective.
The following subsections analyze these two boundaries and com-
pare direct preference optimization with reward-model-based RL,
parameter sharing, and inference-time coordination.

Zeyu Liang, Zihao Li, Xiao Liang, and Zhen Han

100 goals 300 goals
Method Reward Succ. Reward Succ. Cost
Inference-time (no training)
Zero-shot 55.5 4.0 52.8 2.7 N/A
Discussion T 43.8 5.0 42.7 27 N/A

RL-trained (oracle or fitted reward)

MAGRPO R* 75.0+1.3 43.0+1.7 73.9+0.2 42.2+1.2 2.7h
GRPO R* 63.5+7.5 19.0+22.5 61.7+9.1 16.8+22.7 2.8h
MAGRPO R 547403  6.3+2.5 51.740.5 4.2+1.8 2.8h?
GRPO R 56.841.7 10.1+3.2 52.6+0.8 6.8+2.2 2.8h¥

Preference-trained

Single-model DPO 54.2+5.6 23.7+7.1 53.0+5.1 19.4+6.9 ~0.5h
MADPO (a=0) 55.0+2.9 21.7+5.5 52.5+3.4 18.0+4.6 ~0.5h
MADPO (a=1) 58.6+1.2 24.0+5.2 56.3+2.5 19.7+5.8 ~0.5h

Table 2: WebShop test results. Trained rows report mean+std
over three seeds; bold marks the best value within each block.
Only MAGRPO R* uses the oracle reward. Cost is wall-clock
training time on one NVIDIA A40; The BT RM cannot be
evaluated on reward/success directly because it only scores
trajectories and takes no actions itself. TDiscussion adds a
query-revision turn. Plus a ~15-minute reward-model fit.

Method Acc. Consist. Confl. Cost
Inference-time (no training)

Zero-shot (single judge) 70.1 75.9 51.1 N/A
Naive concat 86.9 94.4 62.5 N/A
Sequential 82.9 90.9 56.8 N/A
Discussion 84.0 91.6 59.1 N/A

RL-trained (two-stage R pipeline)

BT RM (single head) 82.4+1.6 91.6+2.0 52.3+49 ~1h
BT RM (multi head) 80.7+£0.0 90.9+0.6 47.7+1.9 ~1h
MAGRPO R 58.1+3.8 61.2+3.3 48.0+5.2 5.6h
GRPO R 60.6+5.4 63.0+5.1 52.845.2 5.6h

Preference-trained
Single-model DPO 85.0+£1.4 91.1+1.5 65.2+2.6 ~1.5h
MADPO (a=0) 84.9+0.3 90.7+0.4 65.9+0.0 2.5h

MADPO (a=1) 85.4+1.1 92.3+0.7 62.9+2.6 2.5h

Table 3: UltraFeedback test results. Consist./Confl. split the
187 test pairs by component-wise consistency: on 143 pairs
every dimension with a strict gold-rating difference prefers
the overall winner (consistent); on the remaining 44 at least
one dimension prefers the overall loser (conflict). Trained
rows report meanztstd over three seeds. Single-model DPO
trains one judge on the overall preference with no dimension
decomposition.

6.1 Joint vs. Independent Training

On WebShop, where the click agent acts on the page produced by
the search agent’s query, joint preference optimization consistently
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improves over independent per-agent DPO. On the 300-goal test
set, increasing « from 0 to 1 raises the average reward from 52.5
to 56.3 and success from 18.0% to 19.7%. The reward improvement
appears in every seed and is significant under a paired bootstrap
over the 3x300 evaluated goals (p<0.001). Together with the con-
sistent reward improvement, this result supports the mechanism
in Eq. 6: each agent continues to receive a learning signal based
on the margin of the complete search—-click trajectory rather than
only its own local margin.

The oracle-reward RL baselines exhibit a stronger version of
the same pattern. MAGRPO with a shared team advantage reaches
42.2+1.2% success on 300 goals, whereas independent GRPO reaches
16.8+22.7%. The large variance of independent GRPO indicates
that its performance is driven by one successful seed, while the
joint learner converges consistently. Although oracle RL is not
directly comparable to offline preference optimization, this result
provides complementary evidence that a shared team-level signal
is particularly important in the coupled WebShop pipeline.

On UltraFeedback, the four dimension-specific judges do not
condition on one another. At the aggregate level, joint and indepen-
dent training are nearly indistinguishable: @=1 obtains 85.4+1.1%
accuracy, compared with 84.9+0.3% for a=0. This result indicates
that the joint margin provides no clear overall advantage when the
agents’ decisions are structurally independent. A finer sweep in
Appendix B similarly shows no reliable benefit from intermediate
values of a.

The aggregate comparison, however, hides opposite trends across
the preference-consistency subsets in Table 3. On the 143 consistent
pairs, joint MADPO reaches 92.3+0.7%, compared with 90.7+0.4%
for independent DPO. On the 44 conflict pairs, the ordering reverses:
joint MADPO obtains 62.9+2.6%, while independent DPO reaches
65.9+0.0%. This reversal identifies preference compatibility as a
substantive boundary: the shared margin is most effective when
local signals support a coherent team-level preference.

The conflict subset is difficult for all evaluated methods. For
example, naive concatenation falls from 94.4% on consistent pairs to
62.5% on conflict pairs, while single-judge DPO falls from 91.1+1.5%
to 65.2+2.6%. These results indicate that local-global disagreement
is not a failure mode unique to MADPO. However, the shared
joint margin does not resolve it: summing the agents’ margins
provides no mechanism for determining which local preference
should dominate when the signals point in different directions.

Taken together, WebShop and UltraFeedback establish a two-axis
account of joint preference optimization. Interaction dependence
creates the need for a shared team-level training signal, while pref-
erence compatibility determines whether the agents’ local margins
reinforce a coherent team objective. MADPO delivers consistent
gains in the coupled setting, preserves aggregate performance when
interaction is independent, and exposes local-global conflict as a
distinct challenge rather than conflating it with coordination.

6.2 Direct Optimization vs. the Reward-Model
Pipeline
Direct preference optimization substantially outperforms the two-

stage alternative of fitting a reward model and then optimizing
agents against its predictions. On WebShop, joint MADPO reaches
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max attainable true reward

0.0 + —— R:learned RM score
—— R": true env reward

training reward (group mean)

T T T
0 500 1000 1500
environment rollouts consumed

Figure 2: Reward hacking on WebShop. RM-family against
the learned reward model R drives the RM score past the true-
reward ceiling while success stays at base level; oracle-reward
training remains bounded and reaches 42.2+1.2% success.

19.7+5.8% success on 300 goals, while MAGRPO trained against the
learned reward R reaches only 4.2+1.8%, close to the 2.7% zero-shot
baseline. This failure does not arise from poor in-distribution pref-
erence classification: the WebShop reward model achieves perfect
held-out pairwise accuracy before it is used for policy optimization.

Figure 2 explains the discrepancy. During GRPO training, the
predicted reward continues to increase and eventually exceeds the
maximum attainable true environment reward, while actual task
performance remains nearly flat. The reward model therefore ranks
held-out preference pairs correctly but fails on the policy-generated
trajectories encountered during optimization, matching the reward-
model generalization gap described by Razin et al. [24].

The same pattern is even clearer on UltraFeedback. The fitted
reward models obtain approximately 81-82% held-out accuracy, but
policies optimized against them fall to 58.1+3.8% and 60.6+5.4%.
In contrast, directly preference-trained methods remain near 85%.
These results do not imply that every reward-model pipeline must
fail; rather, they show that accurate pairwise validation perfor-
mance is insufficient to guarantee a reliable optimization target.
MADPO avoids this additional failure mode by optimizing the ob-
served preferences directly without materializing an explicit reward
function.

6.3 o Sweep

Table 2 and 3 report the two endpoints of the mixing weight, a=1
(pure joint) and @=0 (independent). Table 4 gives a finer sweep on
both domains, with three seeds per setting, and the two domains
behave exactly as the coupling analysis predicts. On WebShop (cou-
pled), pure joint optimization (#=1) achieves the highest reward
and success, while every interpolated objective underperforms the
joint endpoint; in particular, @=0.25 is substantially less stable, with
a reward standard deviation of 13.9. On UltraFeedback, where the
judges are interaction-independent, aggregate performance is in-
sensitive to the mixing weight: all five settings lie within 84.3-85.4%
accuracy, with differences comparable to cross-seed variation. This
result is consistent with Proposition 2: under factorwise prefer-
ence supervision, joint and independent objectives share the same
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a=0 0.25 0.5 0.75 a=1
WebShop Reward 52.5+3.4 32.9+13.9 48.7+3.7 48.5+2.4 56.3+2.5
WebShop Success 18.0+4.6 11.1+5.4 15.1+3.7 13.2+2.6 19.7+5.8
UltraFeedback Acc. 84.9+0.3 84.3+0.3 84.5+0.4 85.2+0.3 85.4+1.1

Table 4: Sweep of the mixing weight a.

population optimum, leaving little aggregate benefit for interpo-
lated objectives. Together, the two sweeps show that the shared
joint margin is not one endpoint of a sensitive interpolation: where
interaction coupling matters, it is the strongest and most reliable ob-
jective; where coupling is absent, aggregate performance is largely
insensitive to a. Accordingly, we treat the independent term as an
ablation rather than a regularizer that requires tuning.

6.4 Parameter-Sharing Baseline

The single-model DPO baseline tests whether the WebShop gain
instead comes from sharing parameters across roles. It obtains
53.0+5.1 reward and 19.4+6.9% success on 300 goals, compared
with 56.3+2.5 and 19.7+5.8% for joint MADPO. Parameter sharing
therefore does not explain the improvement in reward produced
by the joint objective. The main difference is whether the search
and click margins are combined before applying the Bradley-Terry
loss.

6.5 Training Cost

MADPO removes both environment interaction and reward-model
training. On UltraFeedback, single-judge DPO requires approxi-
mately 1.5 hours and multi-agent MADPO 2.5 hours. The two-stage
RL pipeline, however, requires approximately one hour to fit the
reward model followed by 5.6 hours of policy optimization. It is
therefore more than twice as expensive as MADPO while producing
substantially lower accuracy.

On WebShop, oracle-reward MAGRPO remains the strongest
method, reaching 42.2+1.2% success. That comparison represents a
performance ceiling rather than the supervision regime targeted
by this work, because it assumes access to the true environment
reward throughout training. When only offline team preferences
are available, MADPO provides a simpler alternative: it requires no
online rollouts, engineered reward, or separately trained reward
model.

6.6 Inference-Time Coordination

The inference-time baselines distinguish the value of combining
multiple roles from the value of adding further communication
rounds. On UltraFeedback, aggregating several dimension-specific
judgments is highly effective: naive concatenation reaches 86.9%
accuracy, compared with 70.1% for a single zero-shot judge. More
structured interaction does not improve further, however; sequen-
tial evaluation and discussion obtain 82.9% and 84.0%, respectively.
Because the judges operate on separate dimensions, additional com-
munication contributes little beyond aggregating their outputs.
On WebShop, the environment already provides the necessary
communication channel: the click agent observes the result page

induced by the search agent’s query. Adding a query-revision round
does not improve success and reduces reward from 52.8 to 42.7 on
the 300-goal evaluation. The extra round can therefore perturb an
initially useful query without supplying new task information.

These findings clarify the role of MADPO. It does not elimi-
nate the sequential interaction required by environments such as
WebShop; instead, it learns coordination through the joint training
objective without adding extra discussion or revision rounds at
inference time.

7 Conclusion

We introduced MADPO, a direct preference-optimization frame-
work that trains cooperative LLM agents from offline preferences
over joint outputs. By applying DPO to the factored joint policy,
MADPO converts per-agent policy log-ratios into a single team
margin and couples all agent updates through a shared team-level
weight, without requiring an engineered reward, an intermediate
reward model, or online environment interaction. Our analysis es-
tablishes the connection between joint preference optimization and
KL-regularized team objectives, characterizes its shared-gradient
mechanism, and identifies the conditions under which joint and
independent DPO recover the same population optimum.

The experiments validate this account across complementary
coordination structures. On sequentially coupled WebShop, joint
MADPO improves over independent DPO in every seed, while the
UltraFeedback analysis shows that it preserves strong aggregate
performance when judges act independently and reaches 92.3%
accuracy when local preferences align with the overall team target.
The consistent-conflict decomposition further separates preference
incompatibility from interaction-based coordination, providing a
sharper account of when joint optimization is effective. Across both
domains, direct preference optimization decisively outperforms
reward-model-based RL trained on the same preference data, while
avoiding the proxy exploitation and additional training cost of the
two-stage pipeline. Together, these results establish joint direct
preference optimization as a principled and practical foundation
for training cooperative LLM systems when team-level preferences
are available but reliable rewards are not.
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A Prompts and Hyperparameters

A.1 Training Configuration

All trained methods use the same per-adapter LoRA configuration
and optimizer, so that table differences reflect the training objec-
tive rather than per-agent capacity. Each adapter uses rank r=32,
a=64, dropout 0.05, applied to the {q,k,v,0} projection matrices; all
other weights are frozen. The number of adapters equals the num-
ber of agents (two on WebShop, four on UltraFeedback), so joint
and independent variants have identical total trainable parameters,
while the single-model variant shares one adapter across roles—a
deliberate parameter-sharing ablation, not a capacity handicap. We
optimize with AdamW and a cosine schedule with 10% warmup,
gradient clipping at 1.0. Preference (DPO/MADPO) runs use E=2
epochs; online-RL runs use E=1 epoch over the training goals. The
DPO temperature is set per domain and applied uniformly to every
DPO variant within that domain: $=0.15 on UltraFeedback, f=0.5
on WebShop (the near-optimal WebShop demonstrations make
the rejected samples close to the chosen ones, so a stronger refer-
ence anchor is needed to avoid degenerate solutions). The main
comparisons use the two endpoints of the MADPO mixing weight:
a=1 for the pure joint margin and a=0 for independent per-agent
margins. Appendix C additionally evaluates «€{0.25,0.5,0.75} to
test whether interpolating the two objectives provides further ben-
efit. Every trained row is run with three seeds {42, 43, 44}; the
seed controls LoRA initialization, data-shuffling order, and, for
RL, rollout sampling. The standalone Bradley-Terry reward-model
baselines are trained with all three seeds. For the subsequent R
policy-optimization pipeline, we use the reward model trained with
seed 42 and hold it fixed across the three policy-training seeds. The
reported R policy variance therefore isolates policy-training and
rollout randomness rather than reward-model initialization. The
base model is Qwen3-4B for both domains. Online-RL rollouts use
group size K=4 and sampling temperature 0.7; all evaluations use
greedy decoding (temperature 0).

A.2 UltraFeedback Prompts and Aggregation

Four dimension judges (helpfulness, honesty, instruction-following,
truthfulness) each see the same input (instruction + two responses)
but score only their own dimension on a 1-5 scale, using the shared
template:

You are an evaluator focused on the {DIM}

dimension only. Rate each response's {DIM}

on a 1-5 scale (5 = best).

Task instruction: {instruction}

Response A: {A}

Response B: {B}

At training time each judge is a MADPO/DPO agent whose im-
plicit reward is S log g/ 7er On its dimension prompt. Two aggre-
gators play distinct roles. During data preparation, an ordinary
least-squares regression of each completion’s overall score (1-10)
on its four gold dimension ratings (fit over 7,588 completions)
quantifies how the dimensions relate to the overall judgment: co-
efficients {helpfulness 0.185, honesty 0.348, instruction-following
0.312, truthfulness 0.339}, intercept 1.921, with coefficient of deter-
mination R?=0.57—the four dimensions linearly explain about half
the variance in the overall score. At evaluation, the reported accu-
racies instead use a logistic aggregator refit per method: for each
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trained method, a logistic regression over its four per-dimension
implicit-reward differences is fitted on the training pairs (sym-
metrized, so the intercept is ~ 0) and applied to the 187 held-out
pairs, scoring the predicted winner against the gold overall choice.

Per-dimension orientation and the joint tuple. Each judge’s cho-
sen/rejected pair is oriented by its own dimension rating, so orien-
tations need not agree across judges: on 13% of dimension pairs the
dimension-preferred response is not the overall winner (e.g. the
more honest response is the overall-worse one). The joint preference
tuple is therefore constructed factorwise—y™ collects each judge’s
own dimension-chosen response and yl its dimension-rejected one—
so the single label y» > yl holds by construction, one factor per
agent, without requiring a coherent overall winner. Equivalently,
the joint margin );; m; compares the per-dimension-best assembly
against the per-dimension-worst assembly rather than two literal
responses. This construction differs from WebShop in an impor-
tant respect. In WebShop, the per-agent orientations agree with
the team-preferred trajectory, whereas UltraFeedback orients each
factor independently according to its own dimension. The result-
ing training tuples satisfy the component-wise orientation used
by Proposition 2 in the main paper, explaining why joint and inde-
pendent training remain comparable in aggregate. At evaluation,
however, the team prediction is judged against the overall human
preference, which may disagree with one or more dimension-level
ratings. This distinction motivates the consistent-conflict analy-
sis in the main paper and separates interaction dependence from
local-global preference compatibility.

A.3 WebShop Prompts and Protocol

The search agent maps an instruction to a keyword query; the click
agent maps the (instruction, titled results page) to a purchase plan:

Search Agent

You are shopping online. Given the
instruction, write a short search query
(keywords only).

Instruction: {instruction}

Click Agent

You are shopping online to satisfy:
{instruction}

Search results (ID | title | price): {page}
List items to click: product ID, then each
option, then "buy now". One per line.

Protocol. A rollout issues one search, reconstructs the titled results
page (ASIN | title<8@ chars | price), then executes the plan
line by line against the environment; if the plan does not purchase, a
final “buy now” is attempted (identical across all methods). Chosen
sides come from human demonstrations with mean environment
reward 0.95 (filtered to reward > 0.7); rejected sides are Qwen3-
4B samples on the same prompt at temperature 0.9, seeded for
reproducibility.

B Additional Results

Figure 3 shows the per-update margin dynamics behind the aggre-
gate results reported in the main paper.
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Figure 3: MADPO training dynamics under the joint objective (¢=1), showing per-agent implicit margin m; (y) against training
updates (x) for a representative seed. Left: on WebShop the two coupled agents (search, click) rise together under the shared
team signal. Right: on UltraFeedback all four dimension judges (helpfulness, honesty, instruction-following, truthfulness)
increase in concert even though the judges are interaction-independent. Faint curves are raw logged values; solid curves are

EMA-smoothed.

B.1 Per-Seed Results

Tables 5 and 6 give the individual seed values behind the three-
seed means in the main paper and expose the two failure modes
discussed in Sec. 6: R reward hacking and high independent-learner
variance.

WebShop row (300-goal) s42 s43 s44  mean

MADPO(ar=1) (reward)  56.0 54.0 59.0 56.3+2.5
MADPO(a=0) (reward) 53.0 49.0 55.7 52.5+3.4
Single-model (reward)  49.4 50.8 58.9 53.0+5.1
MAGRPO R* (reward) 74.0 73.6 739 73.9+0.2

MAGRPO R* (succ.) 42.3 433 41.0 42.2+1.2
GRPO-indep (reward) 57.7 553 72.2 61.7+9.1
GRPO-indep (succ.) 43 3.0 43.0 16.8+22.7

MAGRPO R (reward)  52.2 51.2 51.7 51.7+0.5
Table 5: WebShop per-seed values (%) on the 300-goal test set.

UltraFeedback (accuracy) s42 s43 s44 mean

MADPO(a=1) 86.6 84.5 85.0 85.4+1.1
MADPO(a=0) 845 85.0 85.0 84.9+0.3
Single-judge DPO 85.6 83.4 86.1 85.0+1.4
BT RM (single head) 80.7 81.8 84.5 82.4+1.6
BT RM (multi head) 80.7 80.7 80.7 80.7+0.0
MAGRPO R 540 588 61.5 58.1+3.8
GRPO R 57.2 57.8 66.8 60.6+5.4

Table 6: UltraFeedback per-seed accuracy (%).

B.2 Cost Accounting

Inference-time coordination trades additional tokens and latency
for communication. WebShop already requires a two-stage search—
click execution: the click agent acts after observing the result page
generated by the search agent. The discussion baseline adds a fur-
ther query-revision round after the initial result and plan, approxi-
mately doubling the decoded tokens per query. Preference-trained
methods retain the environment’s standard two-stage execution
without introducing additional rounds. Their primary cost is one-
time offline training, whereas the online-RL rows on WebShop ad-
ditionally require 1,944 sampled environment episodes (486 goals,
group size K=4) and the R pipeline a preceding reward-model fit.
All wall-clock figures are measured on one NVIDIA A40 GPU.

B.3 WebShop Format-Mismatch Study

An earlier WebShop pair set (v1) presented the click agent with
opaque product IDs, whereas the environment page the agent faces
at evaluation lists titles and prices. Training and evaluating under
this train/eval format mismatch suppressed the click agent’s ability
to discriminate products, and the human ~62% first-result bias
dominated; enriching the click prompt with titles and prices (v2,
used throughout the main paper) restored a learnable click decision.
We note this because it is the single largest protocol lesson in
our study: preference-training pairs must be rendered in the same
surface format the policy sees at deployment.

C Implementation Pitfalls

In our implementation all agents share one frozen base model and
differ only in LoRA adapters; the reference policy is the same base
model with adapters disabled. This multi-adapter setting is memory-
efficient but introduces failure modes that are easy to miss because
training proceeds without any error. We document them here.
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C.1 Reference Forwards Must Precede Retained
Policy Forwards

Adapter libraries expose the reference policy by temporarily dis-
abling adapters (e.g.,disable_adapter () in peft). Toggling adapter
state mutates the wrapped modules in place, which invalidates au-
tograd graphs built before the toggle. In a naive N-agent loop that
interleaves each agent’s policy forward with its reference forward,
every policy graph except the last is built before some subsequent
toggle: the backward pass then silently returns exactly zero gra-
dient for agents 1,..., N—1, and training “succeeds” while N—1
adapters remain at initialization. Two cheap detectors catch this: (i)
log per-agent gradient norms—affected agents sit at exactly zero
from step one; (ii) inspect saved adapters—because lora_B ma-
trices are zero-initialized, untrained agents ship adapters whose
lora_B norms are identically zero. The fix is structural, reflected
in Algorithm 1 (line 5) of the main paper: compute all reference
log-probabilities first, under no_grad with adapters disabled, and
only then run policy forwards whose graphs are retained for the
backward step.

C.2 Memory: Chunked Gather-LogSumExp

Sequence log-probabilities are usually computed from the full (B, T, V)
float32 logit tensor, which spikes peak memory for vocabularies
around 10°. We never materialize the full log-softmax: logits are pro-
cessed in chunks along the sequence dimension, and for each chunk
we gather the target-token logit and subtract a vocabulary-wise log-
sumexp, accumulating per-sequence sums. Results are unchanged;
peak activation memory drops by roughly the chunking ratio.
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C.3 Per-Agent Immediate Backward via a
First-Order-Exact Surrogate

Backpropagating Lyappo directly retains all N agents’ activation
graphs simultaneously. We instead (i) compute all margins m; with-
out gradients; (ii) form the detached scalar coefficients

ci = au‘(—zjmj) + (1-a)o(-my);

(iii) for each agent i in turn, recompute m; with gradients enabled
and immediately backpropagate the surrogate ; = — c¢; m;, freeing
agent i’s graph before agent i+1’s forward. By the shared-credit
gradient and linearity of the o-mix,

Vo, Lmappo = —|aa(— X mj) + (1 - a) o(-m;)| Vo,m;
= Vgi £,
since ¢; equals the bracketed coefficient evaluated at the same
parameter values. The surrogate is therefore exact for the gradient
(not an approximation); the cost is one extra no-grad forward per
agent, and peak memory is bounded by a single agent’s activation
graph.

C.4 Shell Pipelines Mask Training Failures

A final, mundane pitfall: launching training as python train.py
| tee log.txt under set -e does not abort on failure, because
the pipeline’s exit status is tee’s. Multi-stage sweeps then keep
running after a crashed stage, silently producing stale checkpoints.
Use set -o pipefail (or write logs from within the trainer).
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